On a generalization of monomial groups by Cimpoeas, Mircea
ar
X
iv
:1
91
0.
12
68
3v
2 
 [m
ath
.G
R]
  3
0 J
un
 20
20
On a generalization of monomial groups
Mircea Cimpoeas¸
Abstract
We study a class of finite groups, called almost monomial groups, which generalize
the class of monomial groups and is connected with the theory of Artin L-functions.
Our method of research is based on finding similarities with the theory of monomial
groups, whenever it is possible.
Keywords: almost monomial group; finite group; Artin L-function.
2010 Mathematics Subject Classification: 20C15; 11R42;
Contents
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
2 Preliminaries and motivation . . . . . . . . . . . . . . . . . . . . . 3
3 A combinatorial characterization of almost monomial groups . . . . . . . . 5
4 Normal subgroups of almost monomial groups . . . . . . . . . . . . . . 6
5 Relative almost monomial groups . . . . . . . . . . . . . . . . . . . 7
6 Two subclasses of almost monomial groups . . . . . . . . . . . . . . . 10
7 Wreath products. . . . . . . . . . . . . . . . . . . . . . . . . . . 11
8 GAP functions and computer experiments . . . . . . . . . . . . . . . . 14
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1 Introduction
The notion of almost monomial groups, which is a loose generalization of monomial groups,
was introduced by F. Nicolae in a recent paper [17]. A finite group G is called almost
monomial, if for any two irreducible characters χ 6= φ of G, there exist a subgroup H 6 G
and a linear character λ of H , such that χ is a constituent of the induced character λG and
φ is not. Some basic properties of almost monomial groups are presented in [6]. The aim
of this paper is to continue the study of almost monomial groups.
Our paper is divided in eight sections, the first one being this introduction. In the
second section, we recall some basic definitions and properties from the character theory
of finite groups. Also, we present the connections between almost monomial groups and
the theory of Artin L-functions, which motivates our study. In the third section, we prove
some equivalent characterizations of almost monomial groups, see Theorem 3.1.
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A natural way to study the almost monomial groups is to find properties similar with
those of monomial groups. For instance, according to a theorem of Dornhoff [8], if G is
monomial and N ✂ G is a normal Hall subgroup, then N is also monomial. A similar
property is no longer valid for almost monomial groups; an example is provided in the
section 4. Using Clifford’s theory, we proved that if G is almost monomial and N ✂G that
satisfies certain conditions, then N is also almost monomial; see Theorem 4.3.
In the fifth section we introduce the notion of relative almost monomial groups, similar
to relative monomial groups (see [12, p. 86]), and we prove several results. If G is a group
and N ✂G is a normal subgroup, we say that G is relative almost monomial with respect
to N if for any irreducible characters χ 6= φ of G, there exists a subgroup H 6 G with
N ⊂ H ⊂ G and an irreducible character ψ ofH , such that the restriction ψN is irreducible,
χ is a constituent of ψG and φ is not a constituent of ψG. We prove that a group G is
almost monomial if and only if it is relative almost monomial w.r.t. the trivial subgroup
and, also, we prove that if G is relative almost monomial w.r.t. N✂G, then G/N is almost
monomial; see Proposition 5.2. In Theorem 5.3 we prove that if G is solvable and relative
almost monomial w.r.t. N ✂ G and all the Sylow subgroups of N are abelian, then G is
almost monomial. In Theorem 5.4 we prove that G1, G2 are almost monomial w.r.t. N1, N2,
if and only if G1×G2 is almost monomial w.r.t. N1×N2. In Theorem 5.6 we prove that if
G is relative almost monomial w.r.t. N ✂G, and A✂G with A ⊂ N , then G/A is relative
almost monomial w.r.t. N/A. In Theorem 5.8 we prove that if G is almost monomial and
A✂G is abelian, then G is relative almost monomial w.r.t. A.
In his thesis [11], Guan Aun How investigated nM-groups (sM-groups): finite groups
whose irreducible characters are all induced from linear characters of normal (subnormal)
subgroups. In section 6, we introduce their counterparts in the frame of almost monomial
groups, namely normal almost monomial groups and subnormal almost monomial groups
and we show that these classes of almost monomial groups are closed under taking factor
and direct products, see Theorem 6.2. Also, we give examples of groups which are sub-
normally almost monomial, but are not normally almost monomial, and groups which are
almost monomial, but are not subnormally almost monomial.
A key ingredient in the proof of Dade’s theorem, i.e., any solvable group is isomorphic
to subgroup of some monomial group, is the following result: If A is monomial and C is
cyclic of prime order p > 0, then the wreath product W = A ≀C is monomial. It is natural
to ask the following question: If A is almost monomial and C is cyclic of prime order p,
is it true that W = A ≀ C is almost monomial? In Theorem 7.1 we give a partial answer,
more precisely, we show that the answer is true if some additional condition holds. In
general, we believe the answer to be false, but we couldn’t find a counterexample, because
of complexity of computations involved.
In section 8 we present our functions in GAP [10] which determine if a group G is
almost monomial, normally almost monomial, s ubnormally almost monomial or almost
monomial with respect to a normal subgroup N ✂G.
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2 Preliminaries and motivation
Let G be a finite group. We denote Ch(G) the set of characters associated to the linear
representations of the group G over the complex field. We denote Irr(G) = {χ1, . . . , χr}
the set of irreducible characters of G. It is well known that any character χ of G can
be uniquely written as linear combination χ = a1χ1 + a2χ2 + · · · + arχr where ai’s are
nonnegative integers and not all of them are zero. A character λ of G is called linear, if
λ(1) = 1. Obviously, the linear characters are irreducible.
If H 6 G is a subgroup and χ is a character of G, then the restriction of χ to G,
denoted by χH , is a character of H . If θ is a character of H , then
θG(g) :=
1
|H|
∑
x∈G
θ0(xgx−1), for all g ∈ G,
where θ0(x) = θ(x), for all x ∈ H , and θ0(x) = 0, for all x ∈ G \ H , is a character of G,
which is called the character induced by θ on G.
A character χ ∈ Ch(G) is called monomial if there exists a subgroup H 6 G and a
linear character λ of H such that χ = λG. A group G is called monomial, or a M-group, if
all the irreducible characters of G are monomials. We mention that, according to a theorem
of Taketa [19], all the monomial groups are solvable. In general, the converse is not true,
the smallest example being the group SL2(F3).
A character χ ∈ Ch(G) is called quasi-monomial if there exists a subgroup H 6 G, a
linear character λ of H and an integer d ≥ 1 such that λG = d ·χ. A group G is called quasi-
monomial if any character irreducible character of G is quasi-monomial. It is not known if
there are quasi-monomial groups which are not monomial. However, it was proved in [15]
that a special class of quasi-monomial groups are solvable.
A class function on G, is a function f : G → C which is constant on the conjugacy
classes of G; the characters of G are a special case of class functions. If f, g : G → C are
two class functions, the scalar product of f and g is
〈f, g〉 :=
1
|G|
∑
g∈G
χ(g)ϕ(g) ∈ C.
It is well known that Irr(G) is an orthonormal basis in the C-vector space of class func-
tions. In particular, if χ ∈ Ch(G), then χ = 〈χ1, χ〉χ1 + · · ·+ 〈χr, χ〉χr. Hence, the set of
constituents of χ is
Cons(χ) := {φ ∈ Irr(G) : 〈φ, χ〉 > 0}.
We recall the following definition from [17]; see also [6]:
Definition 2.1. A group G is called almost monomial (or an AM-group), if for any
χ 6= φ ∈ Irr(G) there exists a subgroup H 6 G and a linear character λ of H such that
χ ∈ Cons(λG) and φ /∈ Cons(λG).
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Obviously, any (quasi)-monomial group G is also almost monomial; the converse being
false. For instance, the already mentioned group SL2(F3) is almost monomial, but is not
monomial. We recall the main results from [6], regarding the almost monomial groups:
Theorem 2.2. We have that:
(1) The symmetric group Sn is almost monomial for any n ≥ 1.([6, Theorem 2.1])
(2) If G is almonst monomial and N ✂ G is a normal subgroup, then G/N is almost
monomial.([6, Theorem 2.2])
(3) G and G′ are almost monomial if and only if G×G′ is almost monomial. ([6, Theorem
2.3])
Remark 2.3. We recall that a group G is called rational if χ(g) ∈ Q for any character
χ of G and any g ∈ G. It is well known that the symmetric groups Sn are rational; see
[14]. We may ask if all rational groups are almost monomial. This question has a negative
answer. The projective symplectic group Sp6(F2) is a simple rational group, see [9], but
is not almost monomial, according to our computations in GAP [10]. On the other hand,
any finite Weyl group is rational, see [18, Corollary 1.14]. Our computer experiments yield
us to conjecture that the finite Weyl groups of the type An, Bn, Cn and Dn are almost
monomial.
The main motivation in studying almost monomial groups is given by their connection
with the theory of Artin L-functions. LetK/Q be a finite Galois extension. For the character
χ of a representation of the Galois group G := Gal(K/Q) on a finite dimensional complex
vector space, let L(s, χ) := L(s, χ,K/Q) be the corresponding Artin L-function ([1, P.296]).
Artin conjectured that L(s, χ) is holomorphic in C\{1} and s = 1 is a simple pole. Brauer
[3] proved that L(s, χ) is meromorphic in C, of order 1.
Remark 2.4. Let f ∈ Q[X ] be a generic polynomial of degree n ≥ 2. Then the Galois
group Gal(Q(f)/Q) is isomorphic to Sn, which, according to Theorem 2.2(1), is an almost
monomial group.
Let χ1, . . . , χr be the irreducible characters of G, f1 = L(s, χ1), . . . , fr = L(s, χr)
the corresponding Artin L-functions. In [5] we proved that f1, . . . , fr are algebraically
independent over the field of meromorphic functions of order < 1. We consider
Ar := {fk11 · . . . · f
kr
r | k1 ≥ 0, . . . , kr ≥ 0}
the multiplicative semigroup of all L-functions. For s0 ∈ C, s0 6= 1 let Hol(s0) be the
subsemigroup of Ar consisting of the L-functions which are holomorphic at s0. It is well
known, that if ψ is a quasi-monomial character of G, then L(s, ψ) is holomorphic on C\{1};
see for instance [15, Lemma 1.2]. As a direct consequence, it follows that if G is a quasi-
monomial, then Artin’s conjecture holds for G.
The main result of [17] is the following:
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Theorem 2.5. If G is almost monomial, then the following are equivalent:
(1) Artin’s conjecture is true: Hol(s0) = Ar .
(2) The semigroup Hol(s0) is factorial.
Our main result of [6] is the following:
Theorem 2.6. If G is almost monomial and s0 is not a common zero for any two distinct
L-functions fk and fl then all Artin L-functions of K/Q are holomorphic at s0.
3 A combinatorial characterization of almost mono-
mial groups
Let G be a finite group with Irr(G) = {χ1, . . . , χr}. We consider M(G) ⊂ Ch(G), the sub-
semigroup generated by monomial characters, i.e. Ψ ∈ M(G) if there exists some subgroups
H1, . . . , Hk of G and some linear characters λi of Hi, 1 ≤ i ≤ k, such that ψ = λ
G
1 +· · ·+λ
G
k .
For 1 ≤ t ≤ r, we consider the numbers
Lt(G) := |{Cons(χ) : χ ∈ M(G) and |Cons(χ)| = t}|.
Note that L1(G) = r if and only if the group G is quasi-monomial. For any group G, the
regular character is
ρG := d1χ1 + · · ·+ drχr = 1
G
{1}, where di = χi(1), 1 ≤ i ≤ r.
It follows that Lr(G) = 1. We consider the numbers:
Nr,t :=
(
r
t
)
−
(
r − 2
t− 1
)
+ 1, for all 1 ≤ t ≤ r − 1.
We prove the following result, which is similar to [4, Theorem 1.6]:
Theorem 3.1. The following are equivalent:
(1) G is almost monomial.
(2) There exists 1 ≤ t ≤ r − 1 such that Lt(G) ≥ Nr,t.
(3) Lr−1(G) = r.
Proof. (1)⇒ (3) We fix 1 ≤ i ≤ r. Since G is almost monomial, for any 1 ≤ j ≤ r with j 6=
i, there exists a subgroup Hj 6 G and a linear character λj of Hj such that χj ∈ Cons(λ
G
j )
and χi /∈ Cons(λ
G
j ). Let Ψ :=
∑
j 6=iΨj. We have that Cons(Ψ) = {χ1, . . . , χr} \ {χi}. Since
i was arbitrary chosen, it follows that Lr−1(G) = r.
(3)⇒ (2) It is obvious, as Nr,r−1 = r.
(2)⇒ (1) We fix 1 ≤ t ≤ r − 1 such that Lt(G) ≥ Nr,t. Assume there exists i 6= j such
that for any ψ ∈ M(G), Cons(ψ) ∩ {χi, χj} 6= {χi}.
We choose a subset A ⊂ {χ1, . . . , χr} with t elements such that χi ∈ A and χj /∈ A. It
follows that A \ {χi} is a subset with t− 1 elements in {χ1, . . . , χr} \ {χi, χj}, hence A can
be chosen in
(
r−2
t−1
)
ways. Therefore Lt(G) ≤
(
r
t
)
−
(
r−1
t−2
)
≤ Nt − 1, a contradiction.
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4 Normal subgroups of almost monomial groups
Let G be a finite group and N ✂G a normal subgroup. In general, if G is monomial, then
N is not necessary monomial, an example being provided independently by E. C. Dade [7]
and R. van der Waall [20], with order 29 · 7. A similar fact is true in the almost monomial
case. For example, the group S6 is almost monomial, but N := A6 ✂ S6 is not almost
monomial.
On the othe hand, if N ✂ G is a normal Hall subgroup, that is (|G : N |, |N |) = 1,
Dornhoff [8] proved that if G is monomial then N is also monomial. It is natural to ask the
following question: If G is almost monomial and N✂G is Hall, is then N almost monomial?
Our computer experiments in GAP [10] show that this statement is false, in general.
The idea is to take a group N of odd order that is not almost monomial, and to extend
it to a group G of index two above N ; then it may happen that G is not almost monomial,
but there are also examples where G is almost monomial. We use as a candidate groups,
the following list of finite groups from the Small Groups library of GAP [10], with the
property that they have odd orders and are not normally monomial, see [2, Page 104]:
SmallGroup(375,2), SmallGroup(1029,12), SmallGroup(1053,51), SmallGroup(1125,3),
SmallGroup(1125,7), SmallGroup(1215,68), SmallGroup(1875,18), SmallGroup(1875,19),
All the groups in the above list are not almost monomial, with the exceptions of the second
and the third, which are monomial.
We chooseN to be one of the following groups: SmallGroup(375,2), SmallGroup(1125,3),
SmallGroup(1215,68), SmallGroup(1875,18), SmallGroup(1875,19). We can find G := N ⋊
C2 a non-trivial semidirect product of N with C2 = the cyclic group of order 2, such that
G is almost monomial.
In the following, given G an almost monomial group and N ✂ G a normal subgroup,
we will give a sufficient condition for N to be almost monomial. But first, we need two
lemmas:
Lemma 4.1. ([12, Problem (5.2)]) If N ✂G, H 6 G and ϕ is a character of H, then
(ϕNH)N = (ϕN∩H)
N .
Lemma 4.2. ([13, Corollary 1.16]) Let N ✂ G, and suppose that χ ∈ Irr(G) has degree
relatively prime to |G : N |. Then χN is irreducible.
Theorem 4.3. Let N ✂G be a normal subgroup of G. We asume that:
(i) Every irreducible character χ of G restrict irreducibly to N .
(ii) If K 6 N is a subgroup, λ is a linear character of K and χ is a irreducible character
of G such that 〈λN , χN〉 = 0, then 〈λ
G, χ〉 = 0.
If G is almost monomial, then N is almost monomial.
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Proof. Let θ 6= η ∈ Irr(N), χ ∈ Cons(θG) and φ ∈ Cons(ηG). We may assume that χ 6= φ.
Since G is almost monomial, there exists a subgroup H 6 G and a linear character λ of
H such that 〈λG, χ〉 6= 0 and 〈λG, φ〉 = 0. We consider the subgroup H ∩ N 6 N and its
linear character λH∩N .
By Frobenius reciprocity and Lemma 4.1 it follows that
〈(λH∩N)
N , θ〉 = 〈(λHN)N , θ〉 = 〈λ
HN , θHN〉 ≥ 〈λHN , χHN〉 = 〈(λ
HN)G, χ〉 = 〈λG, χ〉 > 0.
Similarly, we have that 〈(λH∩N)
N , η〉 = 0, hence, by our assumption it follows that 〈λG, φ〉 =
0. Thus N is almost monomial.
Remark 4.4. According to Theorem 4.3 and Lemma 4.2, the condition (ii) of Theorem
4.3 can be replaced with: Every irreducible character χ of G has the degree relatively prime
with [G : N ].
Remark 4.5. Note that, under the hypothesis of Theorem 4.3, if N is a normal Hall
subgroup, then N must be abelian, hence the conclusion of the theorem is trivial.
Indeed, let θ ∈ Irr(N) and χ ∈ Cons(θG). From Lemma 4.2 it follows that χN = θ,
hence χ(1) = θ(1) are coprime with [G : N ]. On the other hand, we have that θ(1)||N | (the
degree of an irreducible character divide the order of the group). It follows that θ(1) = 1,
as |N | and |G/N | are coprime, hence N is abelian.
Of course, if N is not a normal Hall subgroup, then is not necessary abelian. For
instance, if G = Q8 ×C2, where Q8 is the quaternion group of order 8 and C2 is the cyclic
group of order 2, then all the irreducible characters of G have degrees 1 or 2, Q8 ✂G and
Q8 is not abelian.
5 Relative almost monomial groups
Let G be a finite group and N ✂ G a normal subgroup. We recall that the group G is
called relative monomial with respect to N , if for any χ ∈ Irr(G), there exists a subgroup
H 6 G and an irreducible character ψ of H such that ψN is irreducible and ψ
G = χ; see
[12, Definition 6.21]. We introduce the following similar definition, in the frame of almost
monomial groups:
Definition 5.1. Let N ✂G be a normal subgroup of G. We say that G is relative almost
monomial with respect to N , if for any χ 6= φ ∈ Irr(G) there exists a subgroup H 6 G with
N ⊂ H ⊂ G and ψ ∈ Irr(H) such that ψN ∈ Irr(N), χ ∈ Cons(ψ
G) and φ /∈ Cons(ψG).
In the section 8 we provide a function in GAP [10] which determines determines if a
group is relative almost monomial with a normal subgroup.
Proposition 5.2. Let G be a group and N ✂G a normal subgroup. We have that:
(1) G is almost monomial if and only if G is relative almost monomial with respect to
the trivial subgroup {1}✂G.
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(2) If G is relative almost monomial with respect to N , then G/N is almost monomial.
Proof. (1) Let ψ ∈ Irr(H). It is enough to note that ψ{1} is irreducible if and only if
ψ(1) = 1, that is, ψ is linear.
(2) Let χ˜ 6= φ˜ be two irreducible characters of G/N and let χ and φ be their corre-
sponding characters of G. Obviously, N ⊂ Ker(χ) and N ⊂ Ker(φ). Since G is a relative
almost monomial with respect to N , it follows that there exists a subgroup H 6 G with
N ⊂ H ⊂ G and ψ ∈ Irr(H) such that χ ∈ Cons(ψG) and φ /∈ Cons(ψG).
We claim that N ⊂ Ker(ψ). Indeed, as
0 < 〈χ, ψG〉 = 〈χH , ψ〉 ≤ 〈χH , (ψN)
H〉 = 〈χN , ψN〉,
and since χN is a multiple of 1N and ψN ∈ Irr(N), we get ψN = 1N . Therefore, ψ is
linear. Considering the corresponding linear character ψ˜ of H/N , the definition of almost
monomial groups is satisfied by G/N .
According to Theorem 2.2(2), if G is almost monomial and N ✂G, then G/N is almost
monomial. The converse is far from being true, not even when N and G/N are both almost
monomial. For example, G := GL2(F3) is not almost monomial, but N := SL2(F3) and
G/N ∼= C2 are. Then following result, which is similar to [12, Theorem 6.23], shows that,
in some special conditions, G/N almost monomial could imply that G is almost monomial:
Theorem 5.3. Let N✂G be a normal subgroup of G and assume that all Syllow subgroups
of N are abelian. Assume that G is solvable and is a relative almost monomial group w.r.t.
N . Then G is almost monomial.
Proof. Let χ 6= φ ∈ Irr(G) and choose H 6 G with N ⊂ H ⊂ G, ψ ∈ Irr(H) such that
ψN ∈ Irr(N), χ ∈ Cons(ψ
G) and φ /∈ Cons(ψG). We choose a subgroup U ⊂ H minimal
such that there exists θ ∈ Irr(U) with θH = ψ. From the proof of [12, Theorem 6.23], it
follows that θ ∈ Lin(U). Since θG = (θH)G = ψG, we get the required conclusion.
We recall the following well known fact:
Lemma 5.4. ([12, Theorem 4.21]) Let G = H ×K. Then the characters ϕ × θ for ϕ ∈
Irr(H) and θ ∈ Irr(K) are exactly the irreducible characters of G.
The following result generalizes Theorem 2.2(3); compare with [16, Proposition 1].
Theorem 5.5. Let N1 ✂G1, N2 ✂G2. The following are equivalent:
(1) Gi is relative almost monomial w.r.t. Ni, for i=1, 2.
(2) G1 ×G2 is relative almost monomial w.r.t. N1 ×N2.
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Proof. (1)⇒ (2) Let χ 6= φ ∈ Irr(G1×G2). According to Lemma 5.4, there exists χ1, ψ1 ∈
Irr(G1) and χ2, ψ2 ∈ Irr(G2) such that χ = χ1 × χ2 and ψ = ψ1 × ψ2. Since χ 6= φ, it
follows that χ1 6= ψ1 or χ2 6= ψ2. Without any loss of generality, assume χ1 6= ψ1.
From hypothesis (1), there exists a subgroup H1 6 G1 with N1 ⊂ H1 ⊂ G1 and a
character ψ1 ∈ Irr(H1) such that (ψ1)N1 ∈ Irr(N1), χ1 ∈ Cons(ψ
G
1 ) and φ1 /∈ Cons(ψ
G
1 ). We
choose ψ2 ∈ Cons((χ2)N2). Let H2 := N2. From Lemma 5.4, it follows that ψ := ψ1 ×ψ2 is
irreducible and, moreover, (ψ1 × ψ2)N1×N2 = (ψ1)N1 × (ψ2)N2 is an irreducible character of
N1 ×N2. One can easily check that χ ∈ Irr(ψ
G) and φ /∈ Irr(ψG).
(2) ⇒ (1) Let χ1 6= φ1 ∈ Irr(G1). We consider the characters χ := χ1 × 1G2 and
φ := φ1×1G2 . From hypothesis (2), there exist some subgroupsHi 6 Gi with Ni ⊂ Hi ⊂ Gi,
i = 1, 2, and a character ψ ∈ Irr(H1×H2) such that ψN1×N2 ∈ Irr(N1×N2), χ ∈ Cons(ψ
G)
and φ /∈ Cons(ψG). Write ψ = ψ1 × ψ2. Since χ = χ1 × 1G2 ∈ Cons(ψ
G), it follows that
1G2 ∈ Cons(ψ
G2
2 ). Therefore, χ1 ∈ Cons(ψ
G1
1 ) and φ1 /∈ Cons(ψ
G1
1 ), hence the Definition
5.1 is fulfilled by G1 and N1. Similarly, G2 is relative almost monomial w.r.t. N2.
We recall the following consequence of Clifford’s Theorem:
Lemma 5.6. ([12, Corollary 6.7]) Let H ✂ G be a normal subgroup and let χ ∈ Irr(G)
such that 〈χH , 1H〉 6= 0. Then H ⊆ Ker(χ).
The following result generalizes Theorem 2.2(2); compare with [16, Proposition 2].
Theorem 5.7. Let N ✂G such that G is a relative almost monomial w.r.t. N . Let A✂G
such that A ⊂ N . Then G/A is a relative almost monomial w.r.t. N/A.
Proof. Let χ˜ 6= φ˜ ∈ Irr(G/A), and let χ and φ their corresponding characters in Irr(G).
Since G is a relative almost monomial w.r.t. N , there exists a subgroup H 6 G containing
N and a irreducible character ψ ∈ Irr(H) such that ψN ∈ Irr(N), χ ∈ Cons(ψ
G) and
φ /∈ Cons(ψG). Since 〈χH , ψ〉 6= 0 and A ⊂ kerχ, it follows that
0 6= 〈1HA , ψ〉 = 〈1A, ψA〉.
Hence, by Lemma 5.1, we have that A ⊆ Ker(ψ). It follows that ψ defines a character ψ˜ on
G/A, which is irreducible on H/A. Moreover, ψ˜N/A is also irreducible, as ψN is irreducible.
Thus, G/A is relative almost monomial w.r.t. N/A.
The following Theorem is similar to Problem (6.11) from [12].
Theorem 5.8. Let A✂G be abelian. If G is almost monomial, then G is relative almost
monomial w.r.t. A.
Proof. Let χ 6= φ ∈ Irr(G). Since G is almost monomial, there exists a subgroup K 6 G
and a linear character λ of G such that χ ∈ Cons(λG) and ψ /∈ Cons(λG). Consider the
subgroup KA of G. From Lemma 4.1 it follows that (λKA)A = (λK∩A)
A. Since A is abelian,
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we can find a linear character µ of A such that λK∩A = µK∩A. Now applying [12, Corollary
6.17] (Gallagher) to K ∩ A✂ A and λ, it follows that
(λK∩A)
A = (µK∩A)
A =
∑
ν∈Irr(A/K∩A)
µν = µ1 + µ2 + · · ·+ µr,
and, moreover, the linear characters µi, 1 ≤ i ≤ r, are distinct and are all the irreducible
components of (λK∩A)
A. Hence (λKA)A is the sum of direct conjugates of µ and µ1 = µ.
Let θ ∈ Cons(λKA) such that χ ∈ Cons(θG). Without any loss of generality, we may
assume that θA = µ1 + · · ·+ µs, where s ≤ r. Let H := IKA(µ) be the inertia group of µ.
Applying Clifford’s theorem [12, Theorem 6.11], it follows that there exists an irreducible
character ψ of H with 〈ψA, µ〉 > 0 such that ψ
KA = θ. We have that
s = θA(1) = θ(1) = ψ
KA(1) = [KA : H ]ψ(1). (5.1)
On the other hand, according to [12, Theorem 6.2] and the Definition of the inertia group
IKA(µ), since θA = µ1 + · · ·+ µs, it follows that s = [KA : H ] = the size of the orbit of µ
in KA. From (5.1) it follows that ψ(1) = 1, hence ψA is linear. Note that ψA = µ. On the
other hand, since Cons(ψG) ⊆ Cons(λG), it follows that φ /∈ Cons(ψG).
Note that, in the hypothesis of Theorem 5.8, according to Ito’s theorem [12, Theorem
6.15], χ(1)|[G : A] for all χ ∈ Irr(G).
6 Two subclasses of almost monomial groups
Definition 6.1. A group G is called normally almost monomial (or a nAM-group), if for
any χ 6= φ ∈ Irr(G), there exists a normal subgroup N ✂G and a linear character λ of N
such that χ ∈ Cons(λG) and φ /∈ Cons(λG).
A group G is called subnormally almost monomial (or a sAM-group), if for any χ 6=
φ ∈ Irr(G), there exists a subnormal subgroup H ✂✂G and a linear character λ of H such
that χ ∈ Cons(λG) and φ /∈ Cons(λG).
Theorem 6.2. The class of nAM-groups (or sAM-groups) is closed under taking factor
groups and direct products.
Proof. The proof is similar to the proof of [6, Theorem 2.2] and [6, Theorem 2.3], taking
into account the fact that if N1 ✂ G1 and N2 ✂ G2, then N1 × N2 ✂ G1 × G2, and if
N ⊂ N1 ⊂ G such that N ✂G and N1 ✂G, then N1/N ✂G/N .
In section 8 we provide two functions in GAP [10] which determine if a group G is
normally almost monomial, respectively subnormally almost monomial.
Remark 6.3. Let AM , nAM and sAM be the classes of almost monomial, normally
almost monomial and subnormally almost monomial groups, respectively. Obviously, we
have the inclusions nAM ⊂ sAM ⊂ AM . These inclusions are strict. For example, the
group G := SL2(F3) is almost monomial but is not subnormally almost monomial. The
group G := SmallGroup(72, 40) = (S3 × S3) ⋊ C2 is subnormally almost monomial but is
not normally almost monomial.
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7 Wreath products
Let A be a nontrivial finite group and let r ≥ 1 be an integer. Let B be the direct product
of r copies of A, i.e.
B := A× A× · · · × A = {(a1, a2, . . . , ar) : aj ∈ G, 1 ≤ j ≤ r}.
We consider the automorphism
f : A→ A, f(g1, . . . , gr) := (gr, g1, . . . , gr−1).
We consider the subgroup T := 〈f〉 ⊂ Aut(B), which is cyclic of order r. The wreath
product of A by a cyclic group C of order r, denoted by W := A ≀ C, is the semidirect
product of B by T .
According to [13, Lemma 9.5], if C is a cyclic group of prime order p > 0 and A is
monomial, then W = A ≀ C is monomial. The following result is the analog of it, in the
frame of almost monomial groups, with some suplimentary condition:
Theorem 7.1. Let A be an almost monomial group and let C be a cyclic group of prime
order p > 0. Let W = A ≀ C be the wreath product of A with C. Let B ✂W be the base
group of the wreath product W .
Assume that for any χ ∈ Irr(W ) with χB ∈ Irr(B) and any non trivial character
β of W/B, there exists a subgroup H 6 W and a linear character λ of H such that
χ ∈ Cons(λW ) and βχ /∈ Cons(λW ). Then W = A ≀ C is almost monomial.
Proof. Let χ 6= φ ∈ Irr(W ). Let θ be a constituent of χB. Since [W : B] = p is prime,
according to [13, Lemma 1.8], it follows that either i) χ = θW or ii) χB = θ. Assume
θ = θ1 × · · · θp, where θj ∈ Irr(A), 1 ≤ j ≤ p.
i) If χ = θW , then χB is the sum of conjugates of θ in W , that is
χB = θ1×θ2×· · ·×θp+θp×θ1×· · ·×θp−1+ · · ·+θ2×· · ·×θp×θ1, |{θ1, . . . , θp}| ≥ 2
ii) If χB = θ, then θ is invariant in W , hence θ = θ1 × · · · θ1, where θ1 ∈ Irr(A).
Similarly, if η is a constituent of φB, then either a) η = φ
W or b) φB = η. Hence:
a) φ = ηW and φB = η1 × η2 × · · · × ηp + ηp × η1 × · · · × ηp−1 + · · ·+ η2 × · · · × ηp × η1,
where ηj ∈ Irr(A), 1 ≤ j ≤ p, and |{η1, . . . , ηp}| ≥ 2.
b) φB = η = η1 × η1 × · · · η1, where η1 ∈ Irr(A).
We have to consider several cases:
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i.a) Assume there exists 1 ≤ j ≤ r such that ηj /∈ {θ1, . . . , θr}. Since A is almost mono-
mial, it follows that for any 1 ≤ i ≤ p, there exists a subgroup Hi 6 A and λi a linear
character of Hi such that 〈λ
A
i , θi〉 6= 0 and 〈λ
A
i , ηj〉 = 0. Let H := H1 × · · · ×Hp and
λ := λ1 × · · · × λp. Note that λ is linear. Since θ ∈ Cons(χB), it follows that
〈λW , χ〉 = 〈λB, χB〉 ≥ 〈λ
B, θ〉 =
n∏
i=1
〈λAi , θi〉 6= 0.
On the other hand, since φB =
∑
σ∈〈(12···p)〉 ησ(1) × ησ(2) × · · · × ησ(p), it follows that
〈λW , φ〉 = 〈λB, φB〉 =
∑
σ∈〈(12···p)〉
n∏
i=1
〈λAi , ησ(i)〉 = 0.
Now, assume that {η1, . . . , ηp} ⊆ {θ1, . . . , θp}. Since χ 6= φ, Cons(χB)∩Cons(φB) = ∅.
In other words, for any permutation σ ∈ 〈(12 . . . p)〉 ⊂ Sp, we have that
θ1 × θ2 × · · · × θp 6= ησ(1) × ησ(2) × · · · × ησ(p).
We use the convention θj+n = θj , ηj+n = ηj, for any 1 ≤ j ≤ n. Let 1 ≤ i1 ≤ p such
that θi1 6= ηi1 . Let 1 ≤ j1 ≤ n be the largest integer with the property
θi1 6= ηi1 , θi1 6= ηi1+1, . . . , θi1 6= ηi1+j1−1.
If j1 = n, then we stop. Assume that j1 < n. Since θi1 = ηi1+j1, we can choose an
index i2 6= i1 such that θi2 6= ηi2+j1. Let 1 ≤ j2 ≤ n−j1 be the largest integer such that
θi1 6= ηi1+j1 or θi2 6= ηi2+j1, θi1 6= ηi1+j1+1 or θi2 6= ηi2+j1+1, θi1 6= ηi1+j1+j2−1 or θi2 6=
ηi2+j1+j2−1.
If j1 + j2 = p, then we stop. If j1 + j2 < p, as θi1 = ηi1+j1+j2 and θi2 = ηi2+j1+j2, then
we can choose i3 /∈ {i1, i2} such that θi3 6= ηi2+j1+j2. Using the same procedure, we
construct two sequences of positive integers i1, i2, . . . , is and j1, j2, . . . , js such that
|{i1, . . . , is}| = s ≤ p, j1 + . . . + js = n and for any 1 ≤ ℓ ≤ p, there exists some
1 ≤ t ≤ s and such that θit 6= ηit+ℓ−1.
For 1 ≤ t ≤ s, we choose Hit a subgroup in A and λit a linear character of Hit such
that
〈λAit , θit〉 6= 0 and 〈λ
A
it , ηit+j1+...+jt−1〉 = 0.
For i ∈ {1, . . . , p}\{i1, . . . , is}, we let Hi to be the trivial subgroup of A and λi = 1Hi,
the trivial character of Hi.
We let H := H1×· · ·×Hp and λ = λ1×· · ·×λp, which is linear. From the construction
of λ, it is easy to check that 〈λB, θ〉 6= 0, hence 〈λW , χ〉 = 〈λB, χB〉 6= 0. Also,
〈λW , φ〉 = 〈λB, φB〉 =
p∑
ℓ=1
p∏
j=1
〈λAj , ηj+ℓ−1〉 = 0.
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i.b) Since A is almost monomial, from Theorem 2.2(3) it follows that B is almost mono-
mial. Obviously, θ 6= η, hence there exists a subgroup H 6 B and a linear character
λ of H such that 〈λB, θ〉 > 0 and 〈λB, η〉 = 0. Since η ∈ Cons(χB), it follows that
〈λW , χ〉 = 〈λB, χB〉 > 0.
On the other hand, as φB = η, it follows that 〈λ
W , φ〉 = 〈λB, η〉 = 0.
ii.a) We have θ = θ1 × · · · × θ1 and η = η1 × · · · × ηp. Obviously, θ 6= η, hence we may
assume that θ1 6= η1. Let H1 6 A be a subgroup and λ1 a linear character of H such
that 〈λA1 , θ1〉 6= 0 and 〈λ
A
1 , η1〉 = 0. Let H = H1 × · · · × H1 and λ = λ1 × · · · × λ1.
We have that λ is linear and
〈λW , χ〉 = 〈λB, χB〉 = 〈λ
A
1 × · · · × λ
A
1 , θ × · · · × θ〉 = (〈λ
A
1 , θ〉)
p 6= 0.
On the other hand, since φB =
∑
σ∈〈(12···p)〉 ησ(1) × ησ(2) × · · · × ησ(p), it follows that
〈λW , φ〉 = 〈λB, φB〉 = p
p∏
j=1
〈λA1 , ηj〉 = 0.
ii.b) If θ 6= η then, as B is almost monomial, there exists a subgroup H 6 B and a linear
character λ of H such that 〈λB, θ〉 > 0 and 〈λB, η〉 = 0. We have that
〈λW , χ〉 = 〈λB, χB〉 = 〈λ
B, θ〉 > 0 and 〈λW , φ〉 = 〈λB, φB〉 = 〈λ
B, η〉 = 0.
Now, assume χB = φB = θ = θ1 × θ1 × · · · × θ1. As χ 6= φ are constituents of θ
W ,
according to [12, Corollary 6.17] (Gallagher), it follows that there exists a nontrivial
irreducible character β ofW/B such that φ = βχ, where β is seen as a linear character
ofW with Ker(β) = B. From hypothesis, there exists a subgroupH 6 W and a linear
character λ of H such that χ ∈ Cons(λW ) and βχ /∈ Cons(λW ). Hence, we are done.
Remark 7.2. It is natural to ask if, in Theorem 7.1, we can drop the hypothesis: for
any χ ∈ Irr(W ) with χB ∈ Irr(B) and any non trivial character β of W/B, there exists
a subgroup H ⊂ W and a linear character λ of H such that χ ∈ Cons(λW ) and βχ /∈
Cons(λW ). In other words, is it true, in general that if A is almost monomial and C is a
cyclic group of order prime p > 0, then W = A ≀ C is almost monomial? We couldn’t find
a counterexample, but we believe that this assertion is false.
In general, the semidirect product (which is not direct) of an almost monomial group
with a cyclic group is not almost monomial. If χ ∈ Irr(W ) such that θ = χB ∈ Irr(B),
then (θG)T = (θB∩T )
T = θ(1)ρT = χ(1)ρT , where ρT = ν1 + · · · + νp is the regular
character of T , and ν1, . . . , νp are the irreducible (linear) characters of T . On the other
hand, θG = χ1+ · · ·+χp, where χj = νjχ for 1 ≤ j ≤ p, hence (χ1)T + · · ·+(χp)T = χ(1)ρT .
However, this does not guarantee (and in fact is false!) that |Cons((χj)T )| = 1, so we cannot
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use the subgroup T 6 W in order to check the definition of almost monomial groups for
χ1, . . . , χp. Anyway, if we want to find a subgroup H ⊂ W and a linear character λ of H
such that let’s say χ1 ∈ Cons(λ
W ) and χ2 /∈ Cons(λ
W ), we have to consider subgroups
of the form HT ⊂ W , where H = H1 × · · · × H1 and H1 is a subgroup of A, and linear
characters λ of HT .
We mention that if A is normally almost monomial, then W = A ≀ C may not be. For
example, A = D5 is normally almost monomial, but W = D5 ≀ C2 is not. However, W is
almost monomial.
8 GAP functions and computer experiments
The following functions in GAP [10] determines if a group is almost monomial, relative
almost monomial with respect to a subgroup, normally or subnormally almost monomial.
gap> IsAlmostMonomialConditional:= function( G, subgroups, charH, charcond )
> local n, num, M, H, lambda, ind, constpos, j, k;
> n:= NrConjugacyClasses( G );
> num:= n * (n-1);
> M:= IdentityMat( n );
> # Run over the allowed subgroups.
> for H in subgroups do
> # Run over the allowed characters of the subgroup.
> for lambda in charH( H ) do
> ind:= InducedClassFunction( lambda, G );
> constpos:= PositionsProperty( Irr( G ),
> chi -> ScalarProduct( ind, chi ) <> 0 );
> for j in constpos do
> for k in Difference( [ 1 .. n ], constpos ) do
> # ’ind’ yields a witness for the pair ’(j,k)’
> if M[j,k] = 0 then
> M[j,k]:= 1;
> num:= num - 1;
> if num = 0 then return true;fi;
> fi;
> od;
> od;
> od;
> od;
> return false;
> end;;
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> IsAlmostMonomial:= function( G )
> return IsMonomialGroup( G ) or
> IsAlmostMonomialConditional( G,
> List( ConjugacyClassesSubgroups( G ), Representative ),
> LinearCharacters, ReturnTrue );
> end;;
> IsRelativeAlmostMonomial:= function( G, N )
> local epi, subgroups;
> if not ( IsSubgroup( G, N ) and IsNormal( G, N ) ) then
> return fail;
> fi;
> epi:= NaturalHomomorphismByNormalSubgroup( G, N );
> subgroups:= List( ConjugacyClassesSubgroups( Image( epi ) ),
> C -> PreImage( epi, Representative( C ) ) );
> return IsAlmostMonomialConditional( G,subgroups,Irr,
> chi -> RestrictedClassFunction( chi, N ) in Irr( N ) );
> end;;
> IsNormallyAlmostMonomial:= function( G )
> return IsAlmostMonomialConditional( G,NormalSubgroups( G ),
> LinearCharacters,ReturnTrue );
> end;;
> IsSubnormallyAlmostMonomial:= function( G )
> return IsAlmostMonomialConditional( G,
> Filtered( List( ConjugacyClassesSubgroups( G ), Representative ),
> H -> IsSubnormal( G, H ) ),
> LinearCharacters,ReturnTrue );
> end;;
We used the following code in GAP [10] to verify an example of a normal Hall subgroup
N ✂G such that G is almost monomial and N is not:
gap> g:= SmallGroup( 750, 6 );;
gap> IsAlmostMonomial( g );
true
gap>n:= Subgroup( g, GeneratorsOfGroup( g )[2..5] );;
gap> Size( n );
375
gap> IsAlmostMonomial( n );
false
gap> IdGroup( n );
[ 375, 2 ]
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